Abstract. A cellular embedding of a connected graph (also known as a map) on an orientable surface has trinity symmetry if it is isomorphic to both its dual and its Petrie dual. A map is regular if for any two incident vertex-edge pairs there is an automorphism of the map sending the first pair onto the second. Given a map M with all vertices of the same degree d, for any e relatively prime to d the power map M e is formed from M by replacing the cyclic rotation of edges at each vertex on the surface with the e th power of the rotation. A map is kaleidoscopic if all of its power maps are pairwise isomorphic. In this paper, we present a covering construction that gives infinite families of kaleidoscopic regular maps with trinity symmetry.
Introduction and basic concepts
The Platonic solids have fascinated people for thousands of years. They are very symmetric -in some sense, the most symmetric shapes possible. More specifically, they are the only spherical polyhedra with an arc-transitive automorphism group (the equatorial and hosohedral spherical shapes are also arc-transitive but they are degenerate in the sense that they are not polyhedra). So our attention turns naturally to very symmetric non-spherical shapes -that is, to discrete structures with large automorphism groups that lie on other surfaces, such as regular maps. Regular maps have been highly studied and catalogued for small orders and small genera. In this paper we aim to go even further.
There are important operations on maps, such as taking the dual, or taking the Petrie dual (whose faces are the left-right paths of the original map), or forming a new map by taking an integer e relatively prime to all vertex degrees and replacing at every vertex the cyclic order of edges emanating from the vertex by the e th power of that order. Any case in which such an operation yields a map isomorphic to the original one may be regarded as an 'external symmetry' of the map. From this point of view, one may say that a map has the 'ultimate level of symmetry' if the map is regular and has all possible external symmetries. Our aim is to construct such 'super-symmetric' maps.
We will make the above concepts more precise in the two subsections of this Introduction. Our two main results are presented in Section 2. Techniques for proving our results are developed in Sections 3 and 4. The actual proofs are in Sections 5 and 6, followed by concluding remarks in Section 7.
Maps and automorphisms.
A map M is a cellular embedding of a connected graph or multigraph G on a surface. For the most part these surfaces will be connected and orientable, although we will make occasional mention of the disconnected or non-orientable cases. We can describe the embedding combinatorially in terms of rotations. To begin with, we will do this for embeddings on orientable surfaces. Fix an orientation on the surface, clockwise or counterclockwise, making the surface oriented. This orientation induces a cyclic permutation of the edge-ends incident with a vertex v, which we call the local rotation at v. A rotation is then any product of local rotations (over any/all vertices), which is then a permutation of the set E of all edge-ends of the underlying graph of the map. Let R be the product of all local rotations. This rotation contains all the information needed to recover the embedding. To see this, let I be the involutory permutation of the set E that swaps the two ends of each edge. Then the pair (R, I) of permutations of E completely determines the map. Indeed, orbits of the permutations I, R, and RI can be identified with edges, vertices, and face boundary walks of the map, and their mutual incidence is given by non-empty intersection of the orbits. We may thus identify an oriented map M with the corresponding permutation pair (R, I) acting transitively on the set of half-edges E, and write M = (E; R, I).
We have seen that embeddings on oriented surfaces correspond to certain pairs of permutations, and vice versa. To understand how this may be extended to arbitrary surfaces, observe that every edge-end of an embedded graph has two 'sides' on the supporting surface; these sides are usually called flags (or blades; see [6] ). This way, for every edge of a graph we may associate a set of four flags. Let F be the set of all flags of the embedded graph; observe that |F| = 2|E|. Let T be the involutory permutation of F that interchanges the two flags associated with each edge-end, and let L be the involutory permutation of F that interchanges the two flags appearing at the same side of each edge. Observe the important relation LT = T L. Finally, let C be the involutory permutation of F that interchanges every two flags forming a 'corner' (two edge-ends meeting at a vertex on the boundary of a face).
If M = (E; R, I) is an oriented map, and C, L, T are the permutations of F defined as above, then the two products CT and T L are permutations of F that represent in a natural sense the effect of the two permutations R and I of edge-ends, respectively. Furthermore, the permutation group generated by CT and T L has two orbits on F, with the two flags associated with each edge-end always lying in different orbits. We note that this description of a map by three involutions is also suitable for maps on non-orientable surfaces, corresponding to the situation where the permutation group generated by CT and T L has a single orbit on F. In any case, we sometimes use the notation M = (F; C, L, T ) if a representation of the map M is necessary in terms of the three involutions C, L, T acting on the flag set F. For more background on algebraic theory of maps, see the survey-type papers [6, 15] and the monograph [12] .
A map isomorphism θ : M → M between two oriented maps M and M is an isomorphism of the underlying graphs that extends to a homeomorphism of the corresponding surfaces and preserves the set of face boundary walks. In algebraic License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use TRINITY SYMMETRY AND KALEIDOSCOPIC REGULAR MAPS 4493 terms, if M = (E; R, I) and M = (E ; R , I ), then a map isomorphism θ : M → M will be identified with a bijection E → E between the corresponding sets of edge-ends, such that θ(x R ) = (θ(x)) R and θ(x I ) = (θ(x)) I for every edge-end x ∈ E. Note that by connectedness, a map isomorphism θ : M → M is completely determined by the image of any particular edge-end.
Let θ be a map isomorphism from M = (E; R, I) to itself. Then θ commutes with R and I in the sense explained before, and hence preserves the orientation of the supporting surface. We call any such θ an orientation-preserving automorphism of M . The family of all orientation-preserving automorphisms of M forms a group under composition of mappings, called the orientation-preserving automorphism group of M , and denoted by Aut + (M ). By the remark at the end of the previous paragraph we have |Aut
, where E denotes the edge set of the underlying graph of the map. We therefore have an upper bound on the number of orientation-preserving 'symmetries' of an oriented map. If the equality |Aut + (M )| = 2|E| is achieved, the map M is called orientablyregular. In that case, Aut + (M ) acts regularly on the edge-ends of M , and M has as much orientation-preserving symmetry as possible.
Given any oriented map M = (E; R, I), we can form its oriented mate In the general setting, when a map is represented as M = (F; C, L, T ), a permutation f of F is an automorphism of M if and only if for every flag x ∈ F one has ( In what follows we will extend the concept of symmetry of a map in several ways, depending on certain operations on maps, which we will introduce next.
1.2. New maps from old. In this section we describe a number of methods for forming (possibly) new maps from a given primal map M . We will first consider operations that do not change the underlying graph of M .
Powers of maps.
Taking the oriented mate of a map has a natural generalization, obtained by replacing R −1 by any integral power R e of the rotation R, for e relatively prime to the degree of every vertex of the map. For an oriented map M , the degree of M is defined as the least common multiple of all vertex degrees of M . If M = (E; R, I) is an oriented map of degree d, and e is relatively prime to d, then the map M e = (E; R e , I) is called the e th power of M . In terms of flags, if
where C e = (CT ) e−1 C. The e th power of M has the same underlying graph as M , but, in general, the supporting surfaces of M and M e may be different. One may form up to ϕ(d) powers of an oriented map M of degree d, where ϕ is the Euler totient function. Some of these powers may be isomorphic to the original map, and we will address this situation in Section 2. We note that the operation of taking a power appears to have been first considered by Wilson in [25] .
The Petrie dual. Suppose we begin a walk along some edge e, and when we first encounter a vertex we continue the walk along the edge immediately to our left, then at the next vertex we continue along the edge immediately to our right, and so on, in an alternating left-right manner. Eventually a directed edge is repeated in the same left-right sense, thereafter the walk is periodic. Each period is a closed walk called a Petrie polygon. (It might also be called a left-right walk, more accurately since it is not strictly a polygon, but we prefer the historic term.) Note that the concept of 'left-right' needs the map M , so this is not just a graph theoretic concept.
Observe that the set of all Petrie polygons covers the set of all edges of the embedded graph, with each edge lying in exactly two polygons. Now consider another embedding of this graph on a surface, such that the Petrie polygons of M are the faces. (It can be shown that such an embedding exists -that is, you never get pinch points -and we will come back to this in a short while.) The resulting map is called the Petrie dual (or sometimes the Petrial ) of M , and is denoted by M P . The Petrie dual might not be on the same surface as the primal map M , and it need not even be orientable; for example, the reader is invited to prove that the Petrie dual of the tetrahedral map on the sphere is a quadrangulation of the projective plane.
If a map M is described in terms of three involutory permutations in the form M = (F; C, L, T ), then its Petrie dual is M P = (F; C, LT, T ). This description is valid for all maps.
Powers and the Petrie operation represent ways of modification of an embedding without changing the underlying graph. We will now discuss two more operations on maps that may change the underlying graph as well. 
In other words, the flag sets are the same, and the involutions describing the corners are the same, but the concept of moving 'longitudinally' by L along an edge is swapped with that of moving 'transversally' by T across an edge. Under either point of view, we easily see that the process of taking the dual is involutory, so we may say "The dual of the dual is the primal".
It is interesting to compare algebraic descriptions of the primal map M = (F; C, L, T ) with its dual M * and Petrie dual M P . These are obtainable by replacing the ordered pair (L, T ) by (T, L) and (LT, T ) respectively. Since L and T are commuting involutions, the group L, T is isomorphic to the Klein fourgroup Z 2 × Z 2 , with automorphism group Aut(Z 2 × Z 2 ) ∼ = S 3 , and the assignments (L, T ) → (T, L) and (L, T ) → (LT, T ) give two of its six automorphisms. The third involutory automorphism comes from the assignment (L, T ) → (L, LT ), which corresponds to what is known as the opposite of the map M . The other two non-trivial automorphisms (each of order 3) may be called trialities. Disregarding the identity, we obtain a total of five non-trivial operators on maps in this way; these were introduced by Wilson in [25] and further studied in [16, 26] .
The primal map, the geometric dual map, and the Petrie dual map can be described in a succinct way through the concept of a 'medial' map, as follows.
Medial maps. Let M be a map on a surface S based on an embedded graph G. We form the medial graph of M , denoted by med(M ), by taking as vertices the edges of M , and then joining two vertices by an edge in med(M ) if they represent consecutive edges in a face of M (or, equivalently, if they represent two consecutive edges in the rotation around a vertex of M * ). The medial graph embeds in S in a natural way which we call the medial map of M , and which we also denote by med(M ). The medial graph is 4-regular and face-2-colorable: one class of faces corresponds to the vertices of M , say the black faces, and the other class corresponds to the faces of M , say the white faces. Observe that both the black faces and the white faces partition the edges of the medial. Also med(M ) is isomorphic to med(M * ), with the only difference between them being that the role of black faces and white faces are interchanged. Moreover, any 4-regular face-2-colorable map on a surface is the medial map of a pair (M, M * ). The Petrie dual of M can also be described in terms of med(M ). Recall that the medial map is 4-regular. A straight-ahead walk, or SAW, in the medial map is formed by walking along a edge, and whenever a vertex is encountered, continuing not along the left or right edge, but directly along the opposite edge. The set of SAWs partition the edges of the medial graph. We may call the set of SAWs the grey faces of the medial. The medial map of the Petrie dual can be formed by taking the embedding of the medial graph using the white faces and the grey faces. Hence the medial graphs of M and M P are the same, but are embedded differently.
Our main results
We will be interested in maps that have the 'absolutely highest level of symmetry'. What should this be? To begin with, one should require such a map to be regular -that is, to have the largest possible number of map automorphisms. Recall from Section 1.1 that a finite map M = (F; C, L, T ) is regular if and only if it has |F| automorphisms. But there are two more ways of thinking about symmetries of maps.
In Section 1.2 we introduced operations that form the geometric dual and the Petrie dual of a map, and mentioned the six Wilson operators [25] generated by these two types of duality. A natural way to proceed is to consider maps that are invariant with respect to Wilson's operations. We say that the map M is self-dual or self-Petrie if M is isomorphic to M * or M P , respectively. The map M is said to have trinity symmetry if it is both self-dual and self-Petrie, that is, if the maps M , M * and M P are pairwise isomorphic. From the algebraic description, we immediately obtain the observation that if M has trinity symmetry, then all six maps obtained by Wilson's operations are isomorphic to each other [25] . Also it is obvious from the definition of regularity that if M is regular, then so are the maps M * and M P , as well as the remaining three maps obtained by Wilson's operations. Regular maps with trinity symmetry could therefore be considered to be the 'most symmetric' maps with respect to automorphisms and dualities. Infinite families of such regular maps were constructed in [20] . Also, for any prime p ≡ ±1 mod 12 there exists a regular map with trinity symmetry and with an automorphism group isomorphic to P SL (2, p) . This can be checked by using an explicit description of regular maps arising from such groups, given in [10] . The smallest such example is the regular map of type (5, 5) on the group P SL (2, 11) , listed as N35.5 in the list of non-orientable regular maps in the census [8] .
But can one look for even more symmetries in regular maps with trinity symmetry? In Section 1.2 we discussed powers of maps. If a power of a map is isomorphic to the original map, this isomorphism can be viewed as an additional 'external symmetry' of the map.
Following [19] , we call a non-zero integer e an exponent of the map M if the e th power map M e is isomorphic to M . Since a product of two exponents is again an exponent, we can speak of the exponent group of a map. Of course, every reflexible regular map of degree 3, 4 or 6 is kaleidoscopic for trivial reasons; namely, in such a situation 1 and −1 are the only exponents. Leaving these cases aside it appears that kaleidoscopic regular maps are rather rare. For example, regular maps of higher degrees arising from complete graphs, complete bipartite graphs and cubes are not kaleidoscopic, as one may check by consulting [7, 13, 14] . The same applies to the regular maps with automorphism groups P SL (2, q) and P GL (2, q) , for which one can show with the help of [10] that −1 is the only non-trivial exponent. On the positive side, a 'residual finiteness' construction for kaleidoscopic regular maps was presented in [23] .
Maps that are regular, kaleidoscopic, and have trinity symmetry, may therefore be designated as the 'absolutely most symmetric maps'. But are there any such maps at all? Well, yes: a trivial example is a cycle of length two embedded on the sphere. More complex examples are not easy to find. Using our main results we give many such examples in Section 7.
We now state our first main result. 
We note that it was suggested a long time ago by Wilson in the course of preparation of his doctoral dissertation [25] that the group with the above presentation has order 8n 3 and is the automorphism group of a regular map with trinity symmetry, and that this was checked by the same author by computer for all n ≤ 50 [27] . We prove it (and the fact that each M n is kaleidoscopic) for all n. As an aside, the map M 2 is, in the notation of [11] , the toroidal map {4, 4} 2,2 .
The rest of the paper is concerned with the proof of both of the two theorems above, along with development of corresponding theory.
We conclude this section with a note on the history of the problem. Wilson [25] appears to be the first to have considered, back in the 1970s, constructions of regular maps with extra symmetry properties -namely, orientably-regular maps that are self-dual and self-Petrie, and orientably-regular maps isomorphic to their powers. Although significant advances in the theory of orientably-regular and regular maps were made in the 1980s and 1990s (see e.g. [18, 22] for surveys), including new methods of constructing spherical self-dual maps [2] and a detailed treatment of exponents [19] , a non-trivial example of a kaleidoscopic regular map with trinity symmetry was still beyond reach. This can be explained by the results of this article: the first non-trivial (that is, admitting exponents other than ±1) example of a kaleidoscopic regular map with trinity symmetry has genus 9, and a census covering regular maps of such a genus was not available until 2001 [9] . Constructions of infinite families of kaleidoscopic orientably-regular maps and orientably-regular maps with trinity symmetry, based on residual finiteness of groups, were given in [23] and [20] , but despite their algebraic similarity, it appears impossible to unify them to yield the 'absolutely most symmetric maps' as furnished by the main results of this paper.
Voltages, lifts, and automorphisms
The proofs of our main results involve regular coverings of maps, with branch points at vertices as well as face centers. These can be constructed by means of corner voltage assignments, as introduced in [3] and studied in extended generality in [1] . We first briefly describe the techniques involved, including lifts of automorphisms.
Let M = (F; C, L, T ) be a map and let H be a group, called the voltage group.
The pair (M, α) gives rise to a lift M α of the map M , defined as follows. Let F = F × H and let C , L and T be permutations of the set F defined by
The action of the permutation group C , L , T on the set F need not be transitive. Every connected component of this action determines a map, and the connected components are pairwise isomorphic maps. Hence we may denote by M α any such connected component, and still write M α = (F ; C , L , T ), with the understanding that the action of the group C , L , T refers to its action on a connected component -that is, to some subset of the flag set F on which the group acts transitively.
To describe the connected components we first need to introduce one further concept. A flag-walk in the map M = (F; C, L, T ) is a sequence W = (x 0 , x 1 , . . . , x k ) of flags with the property that for 1 ≤ i ≤ k we have 
Then H x is a subgroup of H, sometimes called the local group at x. All such local groups are conjugate to each other in H, and the index of each H x in H is equal to the number of (pairwise isomorphic) connected components to which the notation M α refers. The reason for this (see [3] ) is that flags (x, h) and (x, h ) lie in the same component of the lift if and only if h = hα(W ) for some close walk at x, and this happens if and only if h and h are in the same coset of the local group.
Next, let π α : M α → M be the covering projection associated with the lift α that takes each (x, g) ∈ F × H to x ∈ F. This is a map homomorphism in the sense that π α X = X π α for each X ∈ {C, L, T }, and gives a regular covering of M by M α (and a regular covering of the corresponding surfaces) in terms of algebraic topology.
For completeness, let us mention that corner voltage assignments are equivalent to ordinary voltage assignments on the underlying graph of the medial map of M . Indeed, the edges of med(M ) correspond to 2-element flag-sets of the form {x, x C }, effectively consisting of the ends of an edge. Note that it is difficult to work with exponents of lifted maps in terms of medial maps, since the operation of taking a power of a map destroys the medial; hence we prefer working with flags.
We now turn to the question of 'lifting' map isomorphisms and automorphisms. The reason for this is that our construction will employ corner voltage assignments on a map with trinity symmetry and all possible exponents, in order to lift to a covering map that has the same properties. To do this, we need to ensure that isomorphisms between the various duals and powers will lift to isomorphisms of the covering maps. We also want the covering maps to be regular, so we need to ensure that the automorphisms in the regular base map will lift to automorphisms in the covering map.
To make the concept of lifting of a map isomorphism more precise, let M and N be maps and let f : M → N be a map isomorphism. Let α and β be corner voltage assignments on M and N in the same group H, and let π α and π β be the respective covering projections. Then a mappingf :
The special case where M = N and α = β is particularly important. For any h ∈ H, the bijection i h defined on flags of M α by i h (x, g) = (x, hg) is an automorphism of M α and is a lift of the identity automorphism of M . Such automorphisms are known as deck transformations, and these form a group isomorphic to the voltage group. Also as a general consequence of the theory of lifts [3] we know that if a map isomorphism f : M → N lifts onto an isomorphismf : We note that the concept of a lift can be defined in greater generality for map homomorphisms, but this is not of concern to us here.
Tools for lifting map isomorphisms and automorphisms are prevalent in the literature. The best one for us comes from the following result, which is a slight modification of Theorem 9 of [3] ; see also Propositions 6 and 7 in [1] . It then follows (with the help of some more general theory from [3] ) that the collection of all such lifted automorphisms of M α forms a group that acts transitively on the flags of M α , so M α is also a regular map. We state this as a separate result; see [3] for details. 
Lifts and exponents
Let M = (F; C, L, T ) be a map and let M α be a regular lift of M , that is, a regular covering of M . If e is an integer relatively prime to both the degree of M and the degree of M α , then (M α ) e is a regular covering of M e , and it follows that there is a voltage assignment β on M e such that (M e ) β is isomorphic to (M α ) e . In this section we work out a 'canonical' form for β, which will be useful later.
Let α be a corner voltage assignment on M in some group H. Recall that this means that for any flag-walk 
Proof.
We evaluate α e (v; x) with the help of the fact that α(x
as follows:
where the products i and j are taken over the ranges 0 ≤ i ≤ e − 1 and We may now carry through our plan as indicated. Let f be an arbitrary positive integer such that ef ≡ 1 mod D α , that is, such that ef = tD α + 1 = tD α e + 1 for some positive integer t. By the definition of powers of maps, it follows that (M e ) f is isomorphic to M , with an isomorphism provided by the identity mapping on the common set of flags F. Next, given the voltage assignment β on M e as above, let us by analogy introduce a corner voltage assignment
for any x ∈ F. Since (M e ) f is isomorphic to M , successive application of the exponent e to M followed by f to M e does not change the map M . We show that a similar thing holds for the voltage assignments just introduced. 0 ≤ j ≤ f − 1. Then using our description of the voltage assignments β and γ and the fact that C e = (CT ) e−1 C, we successively obtain the following:
where the products i are taken over the range 0 ≤ i ≤ e − 1. The resulting expression has ef = ods + 1 constituents, with os + 1 terms of the form α(x 
But o is the order of the element α(v; x), therefore γ(x) = α(x), and then since x was an arbitrary flag of M , we deduce that (α e ) f = γ = α, as claimed.
This enables us to prove the following basic result on exponents and lifts. In both its statement and proof we use the notation introduced earlier. 
L , T ), where (C ) e = (C T )
e−1 C . On the other hand, we have (M e ) α e = (F ; (C e ) , L , T ), with the same L and T as for M α and with (C e ) taking a flag (x, g) to the flag (xC e , gα e (x)).
We show that the identity mapping on F provides an isomorphism (
α e . Since L and T are common to both maps, all we need to do is show that (C ) e = (C e ) . But this happens simply because for any flag (x, g) ∈ F we have
Thus, applying a power to a lift of a map is equivalent to applying the lifting construction to the same power of the map, although under a different corner voltage assignment (the explicit form of which will be helpful in proving our main results).
Proof of Theorem 2.1
Theorem 2.1 asserts that if there is an oriented, regular, kaleidoscopic map of degree d with trinity symmetry, then for any integer n ≥ 2 there exists an oriented, regular, kaleidoscopic map of degree dn with trinity symmetry. We now prove this fact.
Let M be a kaleidoscopic regular map with trinity symmetry on an orientable surface. This means that the regular map has all the possible additional external symmetries: it is self-dual and self-Petrie, and admits every e relatively prime to the degree d of the map as an exponent. We will work with the algebraic representation M = (F; C, L, T ).
Let n be any integer greater than 1, and let H = Z n × . . . × Z n be the direct product of |F|/2 copies of Z n , under componentwise addition.
We will represent elements of H as follows. First, partition the set of flags F into |F|/2 two-element subsets of the form {x, x C } (the pair associated with a corner of M ) for x ∈ F, and let F 2 denote the set of all such two-element subsets. Note that F 2 corresponds precisely to the edge set of the medial map of M . We will now consider elements of H as |F|/2-tuples with entries in Z n , indexed by the set F 2 . Any element of H can then be written in the form (g z ) z∈F 2 . Also for any particular z ∈ F 2 we define the unit vector [z ] to be the element (g z ) z∈F 2 for 0 ≤ i ≤ d − 1 are linearly independent unit vectors, we find that o = n, so the degree ofM is dn.
In the remaining part of the proof, we show thatM is a kaleidoscopic regular map with trinity symmetry. To do this, we use Theorems 3.1 and 3.2 from Section 3 to prove that all the relevant map automorphisms and isomorphisms lift.
What we need to check are cases where walks with zero voltage are taken by the map automorphisms and isomorphisms to walks of zero voltage. In what follows, we let W be an arbitrary closed flag-walk of M , of the form W = (x 0 , x 1 , . . . , x k−1 , x k ) where x i ∈ F and x k = x 0 . Then the voltage of this given walk is α(W ) =
C . We begin by considering regularity. Let f be any automorphism of M . Then
C . Let a = a i for some i (with 1 ≤ i ≤ k), and let x be the (unique) flag of M for which α(x) = a. Also let a = a i be the corresponding value in the voltage sum for α(f (W )), and let x = f (x) be the flag of M for which α(x ) = α(f (x)) = a . Next let m 1 and m 2 be the number of occurrences of a and −a, respectively, in the sum α(W ) = a 1 + a 2 + . . . + a k−1 + a k . Now assume that α(W ) = 0. Then by the definition of α on individual flags (and in particular, the linear independence of α-images of flags from different corners), we find that m 1 − m 2 ≡ 0 mod n. But m 1 and m 2 are also the number of times that a and −a occur in the sum α(f (W )) = a 1 + a 2 + . . . + a k−1 + a k , and the occurrences of ±a in α(f (W )) sum to 0. Since this argument can also be reversed (using the fact that f is an automorphism), it shows that α(W ) = 0 if and only if α(f (W )) = 0. But f was an arbitrary automorphism of M , so we conclude from Theorem 3.2 thatM is a regular map.
We now consider duality and Petrie duality. This time, let f : 
Hence if M is self-dual (respectively self-Petrie), then so isM . It remains for us to show thatM has all arithmetically feasible exponents, whenever M does.
Let e be a positive integer relatively prime to dn, the degree ofM . Then e is also relatively prime to d. We will assume that there exists an isomorphism f : M → M e from M to its e th power M e = (F; (CT ) e−1 C, L, T ). Let us define a corner voltage assignment β = α e on M e exactly as in Section 4, but in additive notation, so that We now look at the effect that this has on f (W ) under the isomorphism f :
where Since e was an arbitrary integer relatively prime to the degree of M α , this implies that the map M α is kaleidoscopic. The lifting procedure used above is a reformulation of the 'homological lifting' method introduced in [4] , and adopted in different terms elsewhere; for example, see [1, 24] . Further analysis in [21] and [17] The first part of Theorem 2.2 is a special case of Theorem 2.1, applied to a particularly simple map and its covers. Here we are able to completely determine the automorphism groups of the resulting kaleidoscopic maps with trinity symmetry, as described in the second part of Theorem 2.2. In this section we give a proof of both parts.
Let M be a map on the sphere whose underlying graph has two vertices u and v joined by a pair of parallel edges that appear dashed in Figure 1 . The vertices of the medial map med(M ) are depicted as two squares in the middle of the two edges of M , and the four parallel edges of med(M ) are depicted as solid lines. Using med(M ), it is easy to see that M is isomorphic to its geometric dual as well as to its Petrie dual. Then since M is clearly both orientable and regular, and each vertex has degree 2, it follows that M is a kaleidoscopic regular map with trinity symmetry.
Now by Theorem 2.1, for every n ≥ 2 there is a kaleidoscopic regular map of degree 2n with trinity symmetry on an orientable surface. This proves the first part of Theorem 2.2. A proof of the second part requires going into the details of the lifting construction given in the proof of Theorem 2.1.
Constructing a voltage assignment on the corners of our two-vertex map M is equivalent to describing an ordinary voltage assignment on directed edges of med(M ). As a voltage group, take H = Z n × Z n × Z n × Z n (where n ≥ 2), and then with entries in Z n , and let I 4 be the identity matrix in GL(4,
These are automorphisms of M that take the flag
T , respectively. In particular, these three automorphisms have the same effect on ε 1 as the three permutations C, L and T . By the general theory of maps on surfaces [6] , it follows that the three automorphisms f C , f L and f T generate the entire group Aut(M ), which is isomorphic to −I 4 
To determine the automorphism group of the lifted map, we need to see how automorphisms lift. By [3] C . By additivity, we may therefore conclude that α(f (W )) = F (α(W )).
For the next step, we focus on a connected component M α of the lift containing the flag (ε 1 , 0) ∈ F × H. By [3] , the flag-set F of this connected component contains precisely those flags (ε, g) for which g is the voltage of a closed walk in M based at ε 1 . In the terminology of Section 3, (ε, g) ∈ F if and only if ε ∈ F and g is an element of the local group H loc = H ε 1 . In order to determine this local group, observe that if a flag-walk W contains a flag ε i followed by ε i C , then this pair adds ε i to the sum α(W ) = a 1 + . . . + a k ; this also corresponds to passing from one of the top four shaded flags in Figure 1 to an opposite flag along the corresponding edge of the medial map. On the other hand, if W contains a flag ε j C followed by ε j , then this pair adds −ε i to the sum α(W ), which corresponds to passing from one of the bottom four flags to an opposite top flag along the corresponding edge of the medial map. It follows that if W is any closed flag-walk in M , then the sum of the entries of the vector α(W ) ∈ H is zero. The converse is easily seen to be true as well. Hence the local group H loc consists of all h ∈ H = (Z n )
4 orthogonal to the all 1s vector.
We have seen in the proof of Theorem 2.1 that every automorphism of M lifts. In order to be more specific, we invoke a detailed version of Theorem 9 of [3] . This states that given any h ∈ H, every automorphism f ∈ Aut(M ) lifts to an automorphism f h of M α described as follows. Let W be any flag-walk in M beginning at the flag ε 1 and terminating at an arbitrary flag ε ∈ F. Then for any h ∈ H loc , the automorphism f lifts to the automorphism f h of M α given (here in additive notation) by
It is a consequence of Theorem 3.1 that this formula is independent of the choice of the walk W , in the sense that if W is another walk starting at ε 1 and ending at ε such that
To determine all the lifts of the automorphisms of M we will use the identification
; the lifts will then be denoted by pairs (F, h) with F ∈ −I 4 , A, B and h ∈ H. We will also use the fact established earlier that for any F ∈ −I 4 , A, B we have α(
for any flag ε ∈ F, any F ∈ −I 4 , A, B , any g ∈ H and any h ∈ H loc . For a composition of two lifts, we obtain We now proceed to determining the three generators of Aut(M α ) that correspond to the action of C , L , T on the flag (ε 1 , 0). Observe that (ε 1 , 0) Before making two final remarks, we consider the automorphism group Aut(M ) of a regular map M = (F; C, L, T ). Since this acts regularly on the flags of M , we may identify the flag set F with the group Aut(M ). Details have been worked out in the literature; see [6] for example. This enables us to establish a one-to-one correspondence between regular maps of type (d, ) -that is, those with vertex degree d and face length -and groups with partial presentation of the form
where 2, d and are true orders of the corresponding elements. One direction of this correspondence may be explained as follows. Let M = (F; C, L, T ) be a regular map, let x be a flag of M , and let ω, λ and τ be the unique automorphisms of M taking x to x C , x L and x T , respectively. Then these involutory automorphisms generate G = Aut(M ), and satisfy a presentation of the form (7.1).
In group-theoretic terms, the map M is self-dual if and only if there exists an automorphism of the group G that fixes ω and interchanges λ with τ , and self-Petriedual if and only if there is an automorphism of G that fixes ω and interchanges λ with λτ . Trinity symmetry is then equivalent to extendability of any automorphism of the subgroup λ, τ ∼ = Z 2 × Z 2 to the entire group. Finally, for the purpose of discussing our 'absolutely most symmetric maps', e ∈ Z * d will be considered to be an exponent of a regular map determined by the group presentation (7.1) if the group admits an automorphism fixing λ and τ and sending ω onto (ωτ ) e−1 ω. Now observe that the examples and families of kaleidoscopic regular maps with trinity symmetry described in the above tables all have even degree. In general, the degree of an orientable kaleidoscopic regular map with trinity symmetry is always even, since the length of a Petrie polygon in an orientable map cannot be odd. But there do exist such 'super-symmetric' maps of odd degree in the non-orientable case.
For example, take the direct product G = A 5 × A 5 × A 5 of three copies of the alternating group A 5 , and consider this as a permutation group on 15 points with three orbits of length 5. Define three involutions ω, λ, τ in G as follows: ω = (1, 2)(3, 4)(6, 7)(8, 9)(11, 12) (13, 14) , λ = (2, 3)(4, 5)(7, 10)(8, 9)(12, 14)(13, 15), τ = (2, 4)(3, 5)(7, 8)(9, 10)(12, 15) (13, 14) .
It is not difficult to prove that ω, λ, τ together generate G. Also λτ has order 2, while each of ωλ, ωτ and ωλτ has order 15. Hence G is the automorphism group of a non-orientable regular map of degree 15, with faces and Petrie polygons of length 15. Moreover, conjugation by the permutation (3, 4)(6, 11)(7, 12)(8, 14)(9, 13)(10, 15) in S 15 fixes ω and interchanges λ with τ , while conjugation by (1, 11) Our final remark concerns the group presented in the second part of Theorem 2.2. We can now outline an alternative, independent proof of the fact that the group G with presentation (6.4), or, equivalently, (6.5), is the automorphism group of a regular kaleidoscopic map of degree 2n with trinity symmetry and with |G| = 8n
3 . (Recall that this was suggested (without the 'kaleidoscopic' part) by Wilson some time ago [25] .) We can prove it using group theory, without referring to coverings or voltages at all.
To allow translation between the presentation (6.4) and the above, let a = λ, b = τ and z = ω, and let us use the notation of the proof of Theorem 2.2 in what follows. Calculations in the last part of the proof show that G contains an abelian normal subgroup K of index 8 generated by u = r 2 = (bz) 2 , v = s 2 = (za) 2 and w = r −1 s 2 r = zb(za) 2 bz. Using Reidemeister-Schreier theory, it is not hard to show that K is isomorphic to Z n × Z n × Z n . (In fact, one can do this for the group without the relations (bz) 2n = (az) 2n = (abz) 2n = 1 and find that the pre-image of K is free abelian of rank 3, for example using the Rewrite command in Magma [5] , and then factor out the normal subgroup generated by (bz) 2n , (az) 2n and (abz) 2n .) Then since G/K is isomorphic to Z 2 × Z 2 × Z 2 , it follows that G is a split extension of Z n × Z n × Z n by Z 2 × Z 2 × Z 2 , and hence |G| = 8n
3 . Moreover, it is easy to see that any permutation of the set {a, b, ab} extends to an automorphism of G that fixes z, since all the defining relations in (6.4) for G are preserved. This shows that the map has trinity symmetry. It remains for us to deal with isomorphisms of the map and its powers.
Let e be any unit in Z 2n , so that e is odd and relatively prime to n. Then we need to check that the assignment (a, b, z) → (a, b, (zb) e−1 z) induces an automorphism of G. This time we use the presentation of G in the form (6.5). The above assignment takes r = bz to b (zb) e−1 z = (bz) e = r e (which has the same order as r), s = za to (zb) e−1 za = r 1−e s, and t = z to (zb) e−1 z = z(bz) e−1 = tr e−1 , and fixes rs = ba. In particular, it preserves the relations r 2n = (rs) 
